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            Abstract
          
        

        
          There are many nonlinear vibration problems of mechanical structures because of various reasons such as geometric parameters, impact loads, or property of materials. One simple solution for the suppression of nonlinear structural vibration is input shaping that generates a command signal to cancel its vibration. However, a motion platform to evaluate the performance of input shapers for nonlinear vibration is rare. This paper presents the evaluation of input shaping methods for the nonlinear vibration system using a Furuta pendulum. First, the mathematical model of the Furuta pendulum is introduced and its nonlinear vibration characteristic is analyzed. Then, commands for canceling the nonlinear vibration of the Furuta pendulum are generated with various input shapers such as ZV, ZVD, and ZVDD. Finally, we illustrate the effects of input shapers on the nonlinear Furuta pendulum by comparing the pendulum overshoot, settling time, and vibration-reduction ratio. The Furuta pendulum is shown to be a good motion platform to evaluate input shaping methods for nonlinear vibration systems.
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      1. Introduction
      Over decades, numerous approaches to suppress linear or nonlinear vibration systems have been studied.1-5 These approaches can be classified into three main categories. The first one is to fundamentally avoid the excitation source by introducing special kinematic structure or force balancing. The second one is to cut the vibration transfer path by adding some devices or changing structures. The last one is to actively control the vibration with sensor or actuators such as feedback and feedforward controls.

      There are many nonlinear vibration problems of mechanical structures or systems caused by various factors such as geometry, load condition, and materials.6,7 Although nonlinear vibration problems could be dealt with linear approaches, nonlinear effects cannot be neglected under cases of substantial amplitude or excitation. That is, the system dynamic variation due to its nonlinearity should be tackled with robust or nonlinear control.8

      A simple solution for vibration problem is input shaping, which generates command signal to cancel its own vibration.9-14 The effectiveness of input shaping has been proved in many engineering applications. However, numerical simulation or parameter estimation was required for input shaping of nonlinear vibration since input shaping is developed based on linear system theory.12,13 In addition, a motion platform to evaluate various input shapers for nonlinear vibration is very rare.

      Furuta pendulum is a rotational inverted pendulum used to study complex nonlinear oscillation based on control theory.15-19 Furuta pendulum consists of a driven arm rotating in the horizontal plane and a pendulum attached to the arm that is free to rotate in the vertical plane. Consequently, Furuta pendulum is under-actuated and extremely nonlinear due to the gravitational forces and the coupling from the Coriolis and centripetal force. Many papers focused on swing-up control of Furuta pendulum considering its complex nonlinear features.

      This paper presents evaluation of input shaping methods for the nonlinear vibration system using a Furuta pendulum. The Furuta pendulum of this paper is operated as a nonlinear motion platform at the stable uninverted position. First, the mathematical model of the Furuta pendulum is introduced and its nonlinear vibration characteristic is analyzed. Then, commands for cancelling the nonlinear vibration of the Furuta pendulum are generated with various input shapers such as ZV (Zero Vibration), ZVD (Zero Vibration Derivative), and ZVDD (Zero Vibration Double Derivative). Finally, we illustrate the effects of input shapers on the nonlinear Furuta pendulum by comparing the pendulum overshoot, settling time and vibration-reduction ratio. The Furuta pendulum is shown to be a good motion platform to evaluate input shaping methods for nonlinear vibration system.

    

    

  
    
      2. Furuta Pendulum Model
      
        2.1 Mathematical Model
        Although Furuta pendulum is normally used to study complex nonlinear controls for swinging up the pendulum link into the inverted position, the Furuta pendulum of this study is a nonlinear motion platform of the under-actuated pendulum link swinging around the stable uninverted position.

        Compared with a conventional pendulum based on linear motion and limited in space of rail, Furuta pendulum uses an unlimited rotational input motion. Schematic diagram of the Furuta pendulum is shown in Fig. 1. The arm of length Lr is driven by angle θ with a DC motor and one end of the arm is connected to the pendulum link of length LP. The arm angle θ and the pendulum angle α are zero at the uninverted vertical position of the pendulum and increase as it rotates in the counter-clockwise (CCW) direction.

        
          
          

          Fig. 1 
				
          

          
            Schematic diagram of the Furuta pendulum
          
          

          

        

        Equations of motion (EOM) for the pendulum can be derived with Euler-Lagrange equation, as shown in Eq. (1).15 Kinetic energy T is the sum of kinetic energies of both the arm and the pendulum link. In addition, the potential energy is given by the potential of the pendulum link. F is the damping term related to the arm and the pendulum link, and u is input of motor. The resulting derived EOM of the Furuta pendulum has severe nonlinearities, as shown in Eq. (2). The motion of the arm is highly coupled with the pendulum link motion.
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        2.2 Nonlinear Vibration of Furuta Pendulum
        Fig. 2 shows a simulation model consisting of a DC motor controller and the derived EOM of the Furuta pendulum. The parameters of the simulation model are summarized in Table 1. For the simplicity, the DC motor is approximated as a first order system with torque and time constants. In addition, a PD control is used to control the DC motor.

        
          
          

          Fig. 2 
				
          

          
            Simulation model of the Furuta pendulum
          
          

          

        

        
          Table 1 
				
          

          
            Parameters of the Furuta pendulum20
          
          

        

        
          
            
              	Parameters
              	Value
            

          
          
            	Length of arm Lr [m]
            	0.085
          

          
            	Length of pendulum link LP [m]
            	0.129
          

          
            	Moment of inertia of arm Jr [kg.m2]
            	5.72 × 10-5
          

          
            	Moment of inertia of pendulum link JP [kg.m2]
            	1.33 × 10-4
          

          
            	Damping of arm Dr [Nms/rad]
            	2 × 10-4
          

          
            	Damping of pendulum link DP [Nms/rad]
            	3 × 10-4
          

          
            	Mass of pendulum link mP [kg]
            	0.024
          

          
            	Gravitational accerelation g [m/s2]
            	9.81
          

          
            	Motor toque constant K [Nm/A]
            	23.2
          

          
            	Motor time constant τ [sec]
            	0.126
          

        

        

        Simulations with various arm or motor reference commands are performed to investigate the nonlinear vibration characteristic of the Furuta pendulum. The resulting arm and pendulum link, for cases of motor reference commands of 30, 60 and 90 degrees, are shown in Fig. 3. As the reference arm angle increases, nonlinear effects such as frequency variation are also greatly affected. In particular, the vibration suppression is not simple in the case of large reference arm angle like 90 degrees. In addition, the vibration frequencies (The Inverse of Time between Following Peaks) and damping (Logarithmic Decrement of Following Peaks) of the pendulum link with various magnitudes of reference arm angles are shown in Fig. 4. The damping decreases as the reference arm angle increases and time passes by. On the other hand, the frequency increases as the reference arm angle decreases and time passes by. In particular, the abrupt changes of both vibration frequency and damping occur in the case of large reference arm angle like 90 degrees. That is, the Furuta pendulum is a suitable motion platform.

        
          
          

          Fig. 3 
				
          

          
            Nonlinear vibration characteristics of the Furuta pendulum with various arm reference commands
          
          

          

        

        
          
          

          Fig. 4 
				
          

          
            Vibration frequency and damping of the Furuta pendulum link with various arm reference commands
          
          

          

        

      

    

    

  
    
      3. Experiments
      
        3.1 Experimental Set-Up
        Experimental set-up consists of Furuta pendulum with QUBE-Servo 20 and NI myRIO,21 as shown in Fig. 5. The Furuta pendulum consists of the QUBE-Servo with DC servo, an arm with an optical encoder and a pendulum link. The QUBE-Servo includes a brushed DC motor with an optical encoder, a PWM amplifier, and an interface module. The DC motor is directly controlled with NI myRIO or an embedded real-time hardware that has both analog and digital-in/out, FPGA and ARM Cortex-A9 processor.

        
          
          

          Fig. 5 
				
          

          
            Experiment set-up of the Furuta pendulum
          
          

          

        

        A control system is built under NI Labview environment with a rapid control prototyping toolkit.22,23 The control system consists of motor reference command, PD controller, PWM output and encoder reading, as shown in Fig. 6. Series of pulse signals with different amplitudes and widths are generated for the motor reference commands or input shaping methods. In addition, a PD controller (KP = 25 and KD = 1.25) is used for DC motor servo control.

        
          
          

          Fig. 6 
				
          

          
            Control system for Furuta pendulum in NI Labview
          
          

          

        

        Based on vibration frequency and damping ratio, shaped input commands of ZV, ZVD and ZVDD are generated for the reference arm angle of 30, 60 and 90o, respectively. Set of pulse signals with different amplitudes and widths are combined for the shaped input commands, as shown in Fig. 7(a). The shaped input of the ZV consists of two pulses with different amplitudes and widths and the second pulse A1 applied with later time t0 cancels the vibration caused by the first pulse A0. The resulting shaped inputs of the ZV, ZVD, ZVDD for reference arm angle of 30o are illustrated in Fig. 7(b). The parameters of pulses are determined based on vibration frequency and damping of the Furuta pendulum. The equation for parameters of the shaped inputs commands of ZV, ZVD, ZVDD is illustrated in Table 2.

        
          
          

          Fig. 7 
				
          

          
            The shaped input commands
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            Equations for the shaped input commands
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        3.2 Results
        Resulting vibrations of both the arm and the pendulum link with the shaped inputs are shown in Figs. 8 and 9, individually. The oscillation of the arm for 30o reference arm angle disappears with any kind of input shapers, whereas ZVD and ZVDD are more effective than ZV for the motor reference angles of 60 and 90o. The results of the pendulum link are even clearer, as shown from Fig. 7. The vibrations of the pendulum link are reduced dramatically with the input shapers. However, the ZV shaper has significant performance degradation compared with the ZVD and ZVDD shapers as the motor reference command increases and nonlinearity becomes severe.

        
          
          

          Fig. 8 
				
          

          
            Angular motions of the arm with various input shapers and reference arm angles
          
          

          

        

        
          
          

          Fig. 9 
				
          

          
            Vibrations of the pendulum link with various input shapers and reference arm angles
          
          

          

        

        Overshot, settling time and vibration-reduction ratio of the Furuta pendulum are evaluated and shown in Fig. 10. For the small reference arm angles (≤ 30o), all shapers show similar performances. However, ZVD and ZVDD shapers show a better performance of not only shorter settling time (≤ 1 s) and overshoot (≤ 0.5%) but also larger vibration-reduction ratio (≥ 75%) as the motor reference angle increases and nonlinearity becomes critical. The ZV shaper cannot effectively deal with parameter variations of the nonlinear vibration caused by large reference command.

        
          
          

          Fig. 10 
				
          

          
            Performance evaluation of various input shapers
          
          

          

        

      

    

    

  
    
      4. Conclusion
      This paper presents the evaluation of input shaping methods for the nonlinear vibration system using a Furuta pendulum. First, the mathematical model of the Furuta pendulum is introduced and its nonlinear vibration characteristic is analyzed. Then, reference commands for cancelling the vibration of the Furuta pendulum are generated with various input shapers such as ZV, ZVD and ZVDD. Finally, we illustrate the effects of input-shaping methods on the Furuta pendulum by comparing the pendulum overshoot, settling time and vibration reduction ratio. The Furuta pendulum is proved to be a good motion platform to evaluate input shaping methods for nonlinear vibration system.

    

    

  
    
      NOMENCLATURE
      
        
          	
          	
        

        
          	
            Ai : 
          
          	
            Magnitude of ith command
          
        

        
          	
            Dr : 
          
          	
            Damper ratio of arm
          
        

        
          	
            DP : 
          
          	
            Damper ratio of pendulum link
          
        

        
          	
            g : 
          
          	
            Gravitational acceleration
          
        

        
          	
            Jr : 
          
          	
            Inertia moment of arm
          
        

        
          	
            JP : 
          
          	
            Inertia moment of pendulum link
          
        

        
          	
            K : 
          
          	
            Motor torque constant
          
        

        
          	
            Lr : 
          
          	
            Length of arm
          
        

        
          	
            LP : 
          
          	
            Length of pendulum link
          
        

        
          	
            mP : 
          
          	
            Mass of pendulum link
          
        

        
          	
            Q : 
          
          	
            Input of system
          
        

        
          	
            T : 
          
          	
            Kinetic energy of system
          
        

        
          	
            Tmr : 
          
          	
            Kinetic energy of arm
          
        

        
          	
            Tmp : 
          
          	
            Kinetic energy of pendulum link
          
        

        
          	
            ti : 
          
          	
            Starting time of ith command
          
        

        
          	
            u : 
          
          	
            Reference arm angle
          
        

        
          	
            α : 
          
          	
            Angle of pendulum link
          
        

        
          	
            θ : 
          
          	
            Angle of arm
          
        

        
          	
            П : 
          
          	
            Potential energy
          
        

        
          	
            Φ : 
          
          	
            Damping term
          
        

        
          	
            τ : 
          
          	
            Motor time constant
          
        

        
          	
            ωd : 
          
          	
            Damped natural frequency
          
        

        
          	
            ζ : 
          
          	
            Damping ratio
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